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Statistical Analysis of Control Maneuvers
in Unstable Orbital Environments
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The optimal placement of statistical control maneuvers is analyzed for maintaining position near an unstable
equilibrium point. This idea is developed for the libration points in the Hill three-body problem, but the analysis
can be generalized to other unstable systems and is applied to the restricted three-body problem as well. First the
basics of statistical fuel usage in the context of orbit determination errors and their mapping in time are reviewed.
With use of linear theory, several explicit targeting formulas are devived for driving a spacecraft back to a � xed
point. The mean and standard deviation of these schemes are analyzed for our special case, and explicit solutions
for them are found. With use of these results the fuel-optimal spacing of the maneuvers in time can be devived to
control a spacecraft to the vicinity of an unstable libration point. It is found that the optimal spacing is related to
the characteristic time of the instability. It is also found that a linear quadratic regulator LQR control scheme will
outperform control schemes that target the stable manifold of the equilibrium point.

Introduction

T O plan for the navigation of a spacecraft, it is necessary to
develop a statistical model for the amount of fuel that will be

needed to keep the spacecraft on course. In its most general form,
the problem can be stated as follows. Given an error in position and
velocity relative to the nominal trajectory at time t0 of the form ±r0,
and ±v0 , what is the mean and variance in the cost of the maneu-
vers to reduce the system back to ±r D ±v D 0 at some future time?
Generally, the errors in position and velocity arise from the previ-
ous maneuver and can be thought of as errors in knowledge of the
spacecraft state. Practically, maneuver execution errors must also
be incorporated,but we ignore these in this paper.

In this paper, we study this problem applied to motion near a
hyperbolicunstableequilibriumpoint of a Hamiltonian system. For
practical application, we discuss the case of the libration points in
the Hill three-bodyproblemand the L1 and L2 equilibriumpoints in
the restricted three-body problem. For such time-invariant systems
we � nd general analytical expressions for the mean and variance
of the 1V maneuvers necessary to maintain the spacecraft in the
vicinity of the equilibriumpoint. These formulas are parameterized
by the assumed level of orbit determination uncertainty, the timing
of maneuvers, and the speci� c control law used. For a hyperbolic
unstable equilibrium point, we � nd that the optimal timing of ma-
neuvers is fundamentally related to the characteristic time of the
hyperbolic instability. This relationship holds even as we consider
different approaches to the control of a spacecraft in this environ-
ment. We consider three main variations of trajectory control. The
� rst approach speci� cally targets the spacecraft back to the equilib-
rium pointwith a sequenceof two maneuvers.The second approach
targets the spacecraft back to the stable manifold of the equilib-
rium point, which then will bring the spacecraft back to the equi-
librium point under the natural dynamics of the system. The third
approach applies a discrete linear quadratic controller to the prob-
lem, which keeps the distanceof the spacecraftfrom the equilibrium
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point bounded,but does not speci� cally target the spacecraftback to
the equilibrium point. Among these three approaches, we � nd that
the linear quadratic controller can give the minimum overall cost,
which is expected, because it has additional parameters that allow
the fuel cost to be optimized.Assuming speci� c orbit determination
tracking accuracies, we are able to predict statistical fuel usage for
maintaining a spacecraft in the vicinity of the L1 and L2 unstable
equilibriumpoints of the Earth–sun and moon–Earth systems for an
extended period of time. For the Earth–sun system, we � nd an op-
timal maneuver spacing of approximately 23 days, whereas for the
moon–Earth system, we � nd an optimal maneuver spacing on the
order of 1.5–2 days. The statistical cost of maintaining a libration
point orbiter in the Earth–sun system is so small that it will, in gen-
eral, be overwhelmed by maneuver execution and modeling errors.
The same is not true for the moon–Earth system, however, where
the statisticalcost of maintainingpositionnear an equilibriumpoint
is on the order of 3 m/s per month.

This problem was considered for the standard two-body problem
by Battin.1 Many papers have also applied control analysis to mo-
tion in unstable librationpoint orbits.Farquhar et al.2 outline the ac-
tual maneuversperformed for the InternationalSun–Earth Explorer
(ISEE-3) mission, Howell and Pernicka3 and Howell and Gordon4

study the general libration orbiter control problem using numeri-
cal methods, Jones and Bishop5 study this problem for the terminal
guidance and control of a halo orbiter, Cielaszyk and Wie6 apply
digital control techniques to this problem, Gomez et al.7 apply dy-
namicsystemstheoryto theirconsiderationof haloorbit control,and
Scheereset al.8 applya low-thrustfeedbackcontrol that stabilizesan
unstable halo orbit. A review of halo orbit control techniques used
in practice has been given by Dunham and Roberts.9 In this paper,
we reconsider the question of optimal timing of control maneuvers
given statistical errors in orbit determination.10 The analysis given
here differs from these previous works in two ways. First, we con-
sider the idealizedproblemof controllinga spacecraftin the vicinity
of a libration point, as opposed to the vicinity of a halo orbit; later
in this section we argue that the general results found for our system
can be extended to more general unstable orbits. Second, we � nd
closed-form solutions for the mean and variance of the control 1V
needed for a numberof different control strategies.This allows us to
predict explicitly the statistical fuel usage as an analytical function
of orbit determination uncertainties, control strategy, and the tim-
ing of control maneuvers. Our approach results in a general ability
to compare and contrast directly different strategies, a feature not
present in previous analyses.

Note that the analysis outlined in this paper concentrates on the
statisticalpredictionof fuel usage for a spacecraftand does not nec-
essarily represent the actual control strategy that would be used in
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a mission. Indeed, for the design of correction maneuvers during a
mission, there are other important operations constraints that must
be included. At the least, the mission operations team usually re-
optimizes the entire trajectory when designing control maneuvers;
applications of this process to unstable orbits in the vicinity of the
Earth–sun librationpoints is discussedby Wilson et al.11 and Serban
et al.12 The practicalapplicationof theanalysisperformedin this pa-
per applies to the premission phase, where predictionsof fuel usage
are being developed. For future missions, our analysis also points
toward the automation of trajectory control maneuvers because we
investigate the optimal use of very simple control algorithms for
maintaining position about an unstable equilibrium.

Statistical Maneuver Design
For a general trajectory,a minimum of two maneuvers is required

to get back on track: one maneuver to target back to the trajectory at
some futuretime and a secondmaneuverto reducethe relativeveloc-
ity to zero at that crossing.Of course, at the time when the trajectory
crossingoccurs,errors from the epochof the last maneuvermanifest
themselves in a new set of dispersions, which must themselves be
corrected. By considering the new dispersions to be uncorrelated
with the initial dispersions (a conservative assumption in general),
we can isolate these effects from each other and perform an analysis
on the two maneuvers alone. For the design of these maneuvers,we
have two free parameters, the time at which we perform the � rst
correction maneuver, t1 , and the time at which the trajectory cross-
ing (and the second maneuver) will occur, t2. For a more general
approach, we also derive a discrete linear quadratic controller and
apply it to our problem, where now the control sequenceconsists of
a maneuver of the same form after a characteristic time interval.

The cost of a general correction maneuver can always be ex-
pressed as a formula of the form

1Vi D j9i x0j (1)

where 9i is a time-varying matrix in general and x0 is the state
deviation measured at some initial epoch t0 . To compute the statis-
tical cost of these maneuvers requires us to compute the mean and
variance

1V D
Z

1
1V f .x0/ dx0 (2)

¾ 2
1V D

Z

1
.1V ¡ 1V /2 f .x0/ dx0 (3)

D .1V /2 ¡ 1V
2

(4)

Assume that the measurementnoisehaszeromean anda Gaussian
distribution;the probabilitydensityfunctionof the initial conditions
can be written as

f .x0/ D
p

j30j
.2¼/N=2

exp
¡
¡ 1

2 xT
0 30x0

¢
(5)

where N is the total dimension of the system phase space and 30 is
the initial information matrix. In the Appendix speci� c formula are
derived for the mean and variance computation of 1V .

If we implement a series of M such maneuvers, each with the
same assumedstatisticaland dynamic representation,the total mean
maneuver cost is M1V and the total variance is M¾ 2

1V . Thus, if we
wish to estimate the statistical cost of performing this sequence of
maneuversto within an n-sigma probabilityvalue (one-dimensional
Gaussian), we � nd

1Vstat D M
£

1V C
¡
n
¯p

M
¢
¾1V

¤
(6)

Thus, as the number of maneuvers becomes large, we see that the
total (predicted) statistical cost can be approximated as

1Vstat » M1V (7)

Assume that we wish to control a trajectory over an extended pe-
riod of time T1 and that we performa maneuver (or repeat a maneu-
ver sequence) after every time T , resulting in a total of M D T1=T
maneuvers. Then the total statistical cost of this sequence of ma-
neuvers is

1Vstat » T1.1V =T / (8)

and for an arbitrary length of time T1 , we see that to optimize fuel
usage we need to choose the time interval between maneuvers T
to minimize 1V =T . In the following discussion, we will use a set
de� nition for T equal to the time between the determination of the
state error x0, t0 , and the � rst maneuver of our sequence, t1.

Hill Model and Motion About the Libration Points
Scaling of the Equations

Let us introduce the three-dimensional equations for the Hill
three-body problem (see Ref. 13),

Rx ¡ 2! Py D ¡.¹=r 3/x C 3!2x (9)

Ry C 2! Px D ¡.¹=r 3/y (10)

Rz D ¡.¹=r 3/z ¡ !2z (11)

where ! is the rotation rate of the secondary around the primary,
¹ D G M , M is the mass of the secondary,and x , y, and z denote the
positionof the spacecraftin thevicinityof the secondary.Transform-
ing these equations into nondimensional form gives us the length
scale, l D .¹=!2/1=3 and the timescale 1=!. (For the restrictedthree-
body problem, the length scale is instead the distance between the
two primaries.) Let 30 be the information matrix corresponding to
these nondimensionalequations, then

30 D
µ

1=¾ 2
r 0

0 1=¾ 2
v

¶
(12)

with ¾r D ¾r d= l and ¾v D ¾vd=.l!/, and ¾rd and ¾vd correspond
to the variance of the error in position and velocity, respectively,
due to orbit determination errors. In the following, we will take
¾rd=¾vd D 106 . All of the following computations have been made
using a nondimensional information matrix 3 D ¾ 2

r 30 , where

30 D
µ

1 0

0 !2
E .¾rd=¾vd /2

¶
(13)

The results of the nondimensional statistical analysis will be the
mean maneuver cost rate with units of length over time squared,
represented as 1v=1¿ , where 1v is the mean maneuver cost and
1¿ is the time interval between maneuvers. Even though the nor-
malized Hill problem has no parameter, there is a parameter in the
information matrix, !2.¾rd=¾vd/2 , which varies according to the
ratio of position to velocity accuracy and with the rotation rate
of the secondary about the primary. An additional parameter is
¾r D ¾rd= l. Unless otherwise speci� ed, the value 1v=1¿ will be
shown. To transform these to dimensional costs in kilometers per
second squared, we use

1vd=1t D ¾rd!2.1v=1¿ / (14)

To get the maneuver rate in kilometers per second per secondary
period

1vd=1t D 2¼¾r d!.1v=1¿/ (15)

Libration Points of the Hill Problem
The general nondimensional equations of motion for the Hill

three-body problem are found from Eqs. (9–11) by setting
¹ D ! D 1. This system has two equilibriumpoints, x D §3¡1=3 and
y D z D 0. As the linear motion along the z axis is decoupled from
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linearizedmotion in the x–y plane, the following analysis will con-
sidermotiononly in thex–y plane.Let us linearizethe systemaround
the equilibrium points x D §3¡1=3, using ±x D [±x ±y ± Px ± Py]T ,

± Px D

2

664

0 0 1 0

0 0 0 1

9 0 0 2

0 ¡3 ¡2 0

3

775 ±x (16)

Let us call the preceding matrix U . Integrating this equation gives
±x D 8.t; t0; x0/±x0 with

8.t ; t0; x0/ D eU.t ¡ t0/ (17)

The eigenvalues of U are §¸1 D §
p

[1 C 2
p

.7/] and § j¸2 D
§ j

p
[2

p
.7/ ¡ 1]. The eigenvectors corresponding to these eigen-

values de� ne the direction of the stable and unstable manifolds
in phase space. Writing eU t D ®1U 3 C ®2U 2 C ®3U C ®4 I , for each
eigenvalue ¸ we � nd

e¸t D ®1¸3 C ®2¸
2 C ®3¸ C ®4 (18)

Solving this system leads to

®1 D sinh .¸1t/=¸1 ¡ sinh .¸2t/=¸2

¸2
1 C ¸2

2

(19)

®2 D cosh .¸1t/ ¡ cosh .¸2t/

¸2
1 C ¸2

2

(20)

®3 D
¸2

2 sinh .¸1t/
¯

¸1 C ¸2
1 sinh .¸2t/

¯
¸2

¸2
1 C ¸2

2

(21)

®4 D
¸2

2 cosh .¸1t/ C ¸2
1 cosh .¸2t/

¸2
1 C ¸2

2

(22)

Computing U 2 and U 3 and replacing the ®i by their values gives
8.t; t0; x0/ D [81 82],

81 D 1

2
p

7

2

664

p
7a C 4b ¡3c

¡9c
p

7a ¡ 2b

9.2c C
p

7d/ ¡3b

¡9b 3.4c ¡
p

7d/

3

775 (23)

82 D 1

2
p

7

2

664

2c C
p

7d b

¡b ¡.4c ¡
p

7d/p
7a C 2b c C 2

p
7d

¡.c C 2
p

7d/
p

7a ¡ 4b

3

775 (24)

where

a D cosh.¸1t/ C cos.¸2t/; b D cosh.¸1t/ ¡ cos.¸2t/

c D [sinh.¸1t/=¸1] ¡ [sin.¸2t/=¸2]

d D [sinh.¸1t/=¸1] C [sin.¸2t/=¸2]

Because this gives us the general expression of 8.t ; t0; x0/, the
computation of the matrix exponential is not needed.

Control Strategies
Two-Maneuver Control Sequence

In this section, the statisticalcost of two maneuvers performed at
different times is computed. A maneuver 1V1 is made at t1 D n1¿

based on a solution at time t0 to null the error in position at time
t2, and a maneuver 1V2 is made at t2 D n1¿ C .t2 ¡ t1/ to null the
error in velocity. Let

8 D
µ

Árr Árv

Ávr Ávv

¶
(25)

Á1.t2; t1/ D Á¡1
rv .t2; t1/Árr .t2; t1/ (26)

Á2.t2; t1/ D Ávv .t2; t1/Á¡1
rv .t2; t1/Árr .t2; t1/ ¡ Ávr .t2; t1/ (27)

Then

1V1 D ¡[Á1.t2; t1/Árr .t1; t0/ C Ávr .t1; t0/]±r0

¡[Á1.t2; t1/Ár v.t1; t0/ C Ávv.t1; t0/]±v0 (28)

1V2 D Á2.t2; t1/[Árr .t1; t0/±r0 C Árv .t1; t0/±v0] (29)

When thenotationof the Appendixis used, thecomputationof j1V j
is made using K D 3 and for j1V1j, 9 D 91 (1V1 D 91±x0), and
for j1V2j, 9 D 92 (1V2 D 92±x0). The general formula is

1V D
p

2=¼
p

¸ C ¹ ellipticE
£p

2¹=.¸ C ¹/
¤

(30)

with

¸ D
¡
aT

1 K ¡1a1 C a2
T K ¡1a2

¢¯
2 (31)

¹ D
q¡

aT
1 K ¡1a1 ¡ a2

T K ¡1a2

¢2¯
4 C

¡
aT

1 K ¡1a2

¢2
(32)

9 D
µ

a1

a2

¶
(33)

where ellipticE is the complete elliptic integral of the second kind.
Figure 1 shows the variation of the minimum of the costs when
the interval t2 ¡ t1 is varying.For each value of t2 ¡ t1, the total cost
.j1V1j C j1V2j/=.t1 ¡ t0/ is computedfor a rangeof valuesof t1 ¡ t0
to � nd the minimum cost. Figure 1 shows that the in� uence of this
period is important only when t2 ¡ t1 is such that the matrix Árv is
singular.At t2 ¡ t1 constant,theminimumoccursfor1¿ D 0:4, quite
close to the characteristic time of the unstable mode, 1=¸1. Then,
the minimum of the cost varying t2 ¡ t1 is the same in each interval,
about 46:2. The cost has been computed taking the nondimensional

Fig. 1 Separated maneuvers: optimal cost varying t2 ¡ t1.
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norm of the velocity needed to correct the position divided by the
nondimensionalperiod between the maneuvers 1¿ .

Overlaid Two-Maneuver Control Sequences
The maneuvers to null the position at t2 C 1¿ and to null the

velocity at t2 can be performed simultaneously. Because only the
magnitude of the velocity is important for computing the optimal
cost, we hope to � nd a better minimum for j1V1 C 1V2j than for
j1V1j C j1V2j. More generally, the case t2 ¡ t1 D k.t1 ¡ t0/, where
k is an integer, will also be investigated.

Correction in Computation of the Mean and the Variance
At time t2 D n¿ , two maneuvers are performed simultaneously:

one maneuver to null the position at a time ¿ later and one to null
the velocity due to the previous correction. The new correction is
1V D 1V1 C 1V2 , where 1V1 D 91±x1 is the correction to null the
state error ±x1 determined ¿ before and 1V2 D 92±x0 is the correc-
tion to null the velocity due to the error ±x0 determined 2¿ before.
Therefore, the new correction 1V depends on two independent
Gaussian variables ±x1 and ±x0 .

When the notation of the Appendix is used, the computation is
made using Eq. (30): 9 D [9192] 8 £ 2 and matrix

K D
µ

3 0

0 3

¶

Note that we have the freedom to introduce different error statistics
for ±x0 and ±x1, but we keep them equal for simplicity.

Optimization of j1Vj D j1V1 C 1V2 j When t2 ¡ t1 D k.t1 ¡ t0/

Let us now plot the cost of the maneuvers when the maneuver
to null the position and the maneuver to null the velocity are made
at the same time. Figure 2 shows the curves corresponding to the
cost of the simultaneous maneuvers, the cost of the maneuver to
null the position alone, 1V1 , the cost to null the velocity alone,
1V2 , and the sum of these two maneuvers if they were done sep-
arately. As expected, the cost of the maneuvers done separately
is higher than the cost of the maneuvers done simultaneously. A
minimum of 53:3 is achieved when the maneuvers are made sepa-
rately and t2 ¡ t1 D t1 ¡ t0 D 0:54. (This is worse than the minimum
obtained by varying t2 ¡ t1.) When the maneuvers are made simul-
taneously, the new optimal time interval is T D 0:54 and the new
minimum is 45:1, reducing the cost of the maneuvers by 2:4%. Let
us now compare the values of the period and of the minimum when
t2 ¡ t1 D k.t1 ¡ t0/. In this case, maneuvers are made every time in-
terval ¿ , targeting the equilibrium point a time k¿ later. Figure 3

Fig. 2 Comparison of simultaneous, t2 ¡ t1 = t1 ¡ t0, and separated
maneuvers: k = 1.

Fig. 3 Simultaneous maneuvers, t2 ¡ t1 = k(t1 ¡ t0): optimal cost.

shows that a new problemarises when k varies. When t2 ¡ t1 is such
that Ár v is singular, the linear correctionsbecome in� nite. For k D 3,
the new optimal cost is 37:5 for a period T D 0:4. Evaluating higher
values of k gives other minimums around 38, none better than the
precedingone. As a consequence,a new optimal cost is found for si-
multaneousmaneuvers and k D 3. In comparison with the separated
maneuvers, it improves the cost by 18:8%.

Stable Manifold Targeting
Computation of Optimal Cost When Targeting the Stable Manifold

Another approach to control is to make corrections to target the
spacecraft to a state vector corresponding to the stable manifold of
the equilibriumpoint.We hopeto decreasethe costof the maneuvers
by targetinga point in state space closer than the origin. Let us write
the new 1V1 and1V2 usingus as the standarddirectionon which we
want to target the spacecraft, where [us ¡¸1us ] is the eigenvector
correspondingto the stablemanifold.As a result, the � nal positionof
the spacecraftat t2 , after the secondmaneuver,will be ´[us ¡¸1us ],
and the spacecraft should approach the equilibrium point along the
stable manifold. Then with t D t2 ¡ t1 , if ±r1 and ±v1 specify the
position and velocity at the time t1 of the � rst maneuver,

1V1 D Árv.t/¡1[´1us ¡ Árr .t/±r1] ¡ ±v1 (34)

1V2 D
¡
¡¸1 I ¡ ÁvvÁ¡1

r v

¢
´2us C

¡
ÁvvÁ¡1

rv Árr ¡ Ávr

¢
±r1 (35)

Let us minimize j1V1j, 1V1 D ´1vs .t/ C Á1x1 D ´1vs.t/ C y, where
vs.t/ D Á¡1

rv us . The quantity j´1vs.t/ C yj is minimized for
´1 D ¡.yT vs=vT

s vs /, which gives

j1V j D

s

yT y ¡

¡
yT vs

¢2

vT
s vs

(36)

With the notation of the Appendix and vs D [vs1 vs2],

j1V1j D
p

.1 C ° 2/u2
1 C u2

2 C 2° u1u2 ¡ C (37)

with

C D
[u1vs1 C .u2 C ° u1/vs2]2

v2
s1 C v2

s2

(38)

Rearranging this expression gives

j1V1j D
j.° vs1 ¡ vs2/u1 C vs1u2jp

v2
s1 C v2

s2

(39)
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Taking for the new variables .v1; v2/ D [
p

.®/u1I
p

.¯/u2] and then
changing to polar coordinates gives the following new expression
for the integral:

j1V1j D 1
p

2¼

£
Z 2¼

0

­­£.° vs1 ¡ vs2/
¯p

®
¤

cos µ C
¡
vs1

¯p
¯

¢
sin µ

­­
p

v2
s1 C v2

s2

dµ

(40)

Finally,

j1V1j D

r
2

¼

s
m22v

2
s1 C v2

s2 ¡ 2m12vs1vs2

v2
s1 C v2

s2

(41)

with m11 D aT
1 3¡1a1 , m22 D a2

T 3¡1a2, and m12 D aT
1 3¡1a2 . Equa-

tion (41) can be used only when j1V j is obtained min-
imizing j´vs C 9xj. When j1V j takes the particular form
j´1vs C ´2ws C 9xj, j1V j can be obtained using the solution given
by the Appendix for particular expression of ´1 and ´2 depending
linearly on the ±ri .

Computable Solutions
The � rst try made consists in minimizing only 1V1 . As a result,

the stablemanifold is targetedsuch that j´1vs C Á1±ri j is minimized,
that is,

´i D ¡ vT
s Á1±ri

vT
s vs

(42)

a) K = 1

b) K = 2

c) K = 3

d) K = 4

Fig. 4 Targeting the stable manifold: optimal cost.

With use of the notation of the Appendix,

9new
1 D

³
I d ¡ vsvT

s

vT
s vs

´
91 (43)

9 new
2 D 92 ¡

wsvT
s Á1

vT
s vs

(44)

What would seem a fortiori the best optimization here, minimizing
j1V1j C j1V2j is rather dif� cult to implement. Indeed, as will be
shown in the following part, this minimization leads to resolving
a polynomial of the fourth order and taking the root that gives the
minimum. There is no algebraic solution to this problem, and ´ will
not dependlinearlyon ±ri . As a result, the integralwill be dif� cult to
compute.To simplify the problem, let us minimize j1V1j2 C j1V2j2

instead. This leads to

´i D ¡
vT

s Á1±ri C wT
s Á2±ri

vT
s vs C wT

s ws
(45)

with ws D ¡.¸1 I C ÁvvÁ¡1
rv /us . Now use the formula given in the

Appendix with

9new
1 D 91 ¡

vs

¡
vT

s 91 C wT
s 92

¢

vT
s vs

(46)

9new
2 D 92 ¡

ws

¡
vT

s 91 C wT
s 92

¢

vT
s vs

(47)

Plotting these new computations, it is possible to compare the orig-
inal cost of targeting to the origin to the new cost obtained by tar-
geting to the stable manifold minimizing j1V1j and minimizing
j1V1j2 C j1V2j2. As can be seen in Fig. 4, the second minimization
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Fig. 5 Comparison for k = 3: min(jj¢V1jj + jj¢V2jj) and min(jj¢V1jj2 +
jj¢V2jj2).

improves the results a little, whereas the � rst one gives worse re-
sults than targeting the origin.For k D 1, the results are signi� cantly
improved; however the minimal cost is still above the minimal cost
obtained for k D 3. For k D 3, the new minimum is 37:45 instead
of 37:46; it has only decreased marginally. Note also that for k D 3
the singularities (correspondingearlier to Árv being singular) have
been removed by this method. As a result, the corrections can be
performed at any time, which is an advantage.

Minimization of j1V1 j C j1V2 j
As already mentioned, � nding the minimum of j1V1j C j1V2j

requires the solution of a polynomial of fourth order. To compare
this solution with the precedingone, software was developed along
the principle that, for a � xed interval t1 ¡ t0 and � xed k such that
t2 ¡ t1 D k.t1 ¡ t0/, n randomerrors are chosenfollowinga Gaussian
randomdistribution.Then for theserandomerrors, the´ coef� cients,
giving the position targeted on the stable manifold and minimizing
j1V1j C j1V2j, are computed. The n random errors are considered
as a sequence, meaning that they follow each other along the time
axis. Figure 5 shows a comparisonof the cost when the origin is tar-
geted and the cost when the stable manifold is targeted,minimizing
j1V1j C j1V2j and minimizing j1V1j2 C j1V2j2 . All of the curves
are drawn for the same random sequences.The � rst point to note is
that the results of using a sequence of 1000 maneuvers are close to
the exact result given by the integration.Also note that minimizing
j1V1j2 C j1V2j2 is almost identical to minimizing j1V1j C j1V2j.

Minimizing j1V1 C 1V2 j
Finally, we consider a strategy of minimizing j1V1 C 1V2j at

each new step. As a consequence, at the time ti , we want to � nd
´i that will minimize the norm j´i vs C ´i ¡ 1ws C Á1±ri C Á2±ri ¡ 1j,
where ´i must satisfy the sequence

´i D ¡
vT

s .Á1±ri C Á2±ri ¡ 1/

vT
s vs

¡
vT

s ws

vT
s vs

´i ¡ 1 (48)

If Eq. (48) is reinjected in the computation of j1V1 C 1V2j, a can-
cellation occurs if vs and ws are parallel, which gives

j1V1 C 1V2j D
³

I d ¡ vsvT
s

vT
s vs

´
.Á1±ri C Á2±ri ¡ 1/ (49)

As a result, Eq. (41) can be used taking vs D Árv.t/¡1us . This
computation is valid only when vs is parallel to ws . Because
vs and ws depend on t2 ¡ t1, for each value of k, we need
to change the possible values of t1 ¡ t0 accordingly. Plotting
[vs .1/ws.2/ ¡ ws .1/vs .2/]=.vT

s vs/ vs t2 ¡ t1 shows that these val-

ues of t2 ¡ t1 exist; however, all of the corresponding values of the
cost are above 40 and are still worse than targeting the origin.

For intervals of time t1 ¡ t0 regularly distributed, simulations of
the 1000maneuversshowthat thecost rapidlygoes to in� nity,which
indicates that the spacecraftwill divergefrom the equilibriumpoint.
Only for very small intervals of time around the time for which us

is parallel to vs will the spacecraft not diverge from its position.
Focusing on these time intervals, we can � nd the values of the cost
computed earlier.

Linear Quadratic Regulator Control Algorithm
Linear Quadratic Regulator Method

Now let us formulate the problem in terms of digital control,
x.k C 1/ D Gx.k/ C Hu.k/ C w.k/, where

G D 8; H D

2
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0 0

0 0

1 0

0 1

3

775 ; u.k/ D 1V.k/

and w is a Gaussian noise representingthe orbit determinationerror
such that

E[w.k/] D 0; E[w. j/wT .k/] D 3¡1± jk D Qw± j k

With use of this equation, let us � nd the optimal control law u.k/
that will minimize

J D E

"
SN C

N ¡ 1X

k D 0

xT .k/Qx.k/ C uT .k/Ru.k/

#

(50)

with SN D xT .N /P.N /x.N /. Let

P.k/ D Q C GT P.k C 1/G ¡ GT P.k C 1/H

£ [R C H T P.k C 1/H ]¡1 H T P.k C 1/G (51)

K .k/ D [R C H T P.k C 1/H ]¡1 H T P.k C 1/G (52)

When these parameters are used, it can be shown14 that the control
vectorthat minimizes J is givenby theequationu.k/ D ¡K .k/x.k/.
Finally,

Jmin D xT .0/P.0/x.0/ C E

"
N ¡ 1X

k D 0

tr[P.k C 1/Qw]

#

(53)

Let us now consider the steady-statequadraticoptimal control.Take
the limit N ! 1; the optimal control solution becomes a steady-
state solution and the-time varying gain matrix K .k/ becomes a
constant gain matrix K . For N D 1, the performanceindex may be
modi� ed to

J D E

"
1X

k D 0

xT .k/Qx.k/ C uT .k/Ru.k/

#

(54)

Where the steady state matrix P is solution of the algebraic Riccati
equation,

P D Q C GT PG ¡ GT P H [R C H T P H ]¡1 H T PG

K D [R C H T P H ]¡1 H T PG

A problem arises with the cost function J because, as tr [P Qw] is
� nite and not necessarily equal to zero, J is in� nite. However, as
shown in the following, if

J D lim
k ! 1

E[xT .k/Qx.k/ C uT .k/Ru.k/] (55)

then J D tr [P Qw ]. Taking R D I , we have

j1V j2 D lim
k ! 1

uT .k/Ru.k/ (56)

J D j1V j2 C lim
k ! 1

xT .k/Qx.k/ (57)
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Let us now � nd j1V j2 . Let PX .k C 1/ D E[x.k C 1/xT .k C 1/],
then PX .k C 1/ D .G ¡ H K /PX .k/.G ¡ H K /T C Qw . Because the
characteristicroots of G ¡ H K are inside the unit circle, the effects
of the initialcondition PX .0/ graduallydiminish,and PX approaches
a stationary value. This value is given by the solution of the Lya-
punov equation

PX D .G ¡ H K /PX .G ¡ H K /T C Qw (58)

Finally,

lim
k ! 1

E [xT .k/Qx.k/] D tr[PX Q] (59)

lim
k ! 1

E[uT .k/Ru.k/] D tr
£
K PX K T

¤
(60)

and as a result,

j1V j2 D tr[P Qw] ¡ tr[PX Q] D tr
£
K PX K T

¤
(61)

The parameter studied in the preceding sections is j1V j. As a
consequence, we need to estimate this parameter with the lin-
ear quadratic regulator (LQR) method to have a comparison be-
tween the two controls. First, ¾ 2

1V D j1V j2 ¡ j1V j2 ¸ 0 implies
that j1V j ·

p
.tr[K PX K T ]/. Then, using

x.k C 1/ D
kX

j D 0

.G ¡ H K / j w.k ¡ j/ (62)

we � nd

1V.k C 1/ D
kX

j D 0

Á. j/w.k ¡ j/ (63)

with Á. j / D ¡K .G ¡ H K / j . Still use the method of computation
of j1V j described in the Appendix, and this gives

j1V .k/j D
p

2=¼
p

¸ C ¹ ellipticE
£p

2¹=.¸ C ¹/
¤

(64)

where ¸ and ¹ are � nite series that converge rapidly to a solution
that does not depend on k, which is consistentwith the existence of
a limit for PX .k/.

When this method is used, it becomes necessary to check the av-
erage spacecraft distance from the origin. Indeed if the spacecraft
drifts too far from the equilibrium point, the linearization approx-
imation cannot be kept. The average distance from the origin can
also be studied using the same method as earlier with a series for ¸
and ¹. With S D diag.1; 1; 0; 0/,

T D
µ

1 0 0 0

0 1 0 0

¶
; Ád. j/ D T .G ¡ H K / j

d.k C 1/ D

­­­­­

kX

j D 0

Ád. j/w.k ¡ j/

­­­­­ (65)

lim
k ! 1

d.k/2 D tr[PX S] (66)

Implementation of LQR Method
Now the performance of the methods are compared (Fig. 6).

For the average distance from the origin using the � rst method
(dp in Fig. 6), we compute the average distance in the case where
t1 ¡ t0 D t2 ¡ t1 . Three different matrices Q have been considered.
Q D 0:05S implies that there is nearly no requirement on the posi-
tion of the spacecraft.As can be seen in Fig. 6b, the achievement in
the cost is good,30:6 instead of the previous37:5, but the tradeoff is
that the position is more than twice as far from the origin. Q D 500
implies that the requirementon the position is strong and, therefore,
that the spacecraft will stay close to the origin. As expected, the

best cost is now worse than 37:5 and equals 44:5. Considering the
case Q D 5S, we � nd that the average distances from the origin are
nearly the same for the two control methods. However, a new opti-
mal cost is obtained of about 35:3. It seems that the LQR method
improves the optimal cost without increasing the average distance
of the spacecraft from the equilibriumpoint. Note that if we take the
ratio ¾r =¾v D !=¾vd with ! equal to the rotation rate of the moon
around the Earth, we � nd that targeting the origin gives the optimal
costof 19:9 for k D 3, whereas the optimalcosts for theLQR method
are 16:5, 18, and 22:4 for Q D 0:05S, Q D 5S, and Q D 500S, re-
spectively. Therefore, we can conclude that the LQR method gives
better results than the method of targeting the equilibrium point in
this case as well.

Comparison and Discussion of Optimal Approach
Testing the Validity of the Model

Our linear control has also been implementedusing the nonlinear
model. One must be careful in the implementation of the controller
to take into account that the LQR method uses the previous state
error to correct the trajectory, whereas the method that targets the
origin uses the previous state error minus what the state would be if
the model was behaving linearly.

The procedureof computationwith theLQR methodis as follows:
From x.k/, the nonlinear equations are integratedover the period T
to obtain x.k C 1/0, where

x.k C 1/ D x.k C 1/0 ¡ H K [x.k/ ¡ xeq] C w.k/

The procedure of computation by targeting the equilibrium point
t2 ¡ t1 D k.t1 ¡ t0/ is as follows:

1) From x.k/, the nonlinear equations are integrated over the
period T to obtain x.k C 1/0.

2) The case of the k � rst maneuvers, where only the correction
1V1 is performed, has to be considered separately. As a result,
in this case x.n C 1/ D x.n C 1/0 C Á1xcorr.n/ C w.n/, whereas after
kT , x.n C 1/ D x.n C 1/0 C Á1xcorr.n/ C Á2xcorr.n ¡ k/ C w.n/.

3) The computation of xcorr.n/ requires us to compute what the
state would be if the model were behavinglinearly,using K1 D ¡Á1:

xcorr.n/ D x.k/ ¡ xeq ¡
nX

j D 1

Gn ¡ j .G ¡ H K1/xcorr. j ¡ 1/

for the k � rst steps, and

xcorr.n/ D x.k/ ¡ xeq ¡
kX

j D 1

Gk ¡ j .G ¡ H K1/xcorr.n C j ¡ k ¡ 1/

for the following steps.
Once these models were implemented, we tested them to � nd

what the maximum allowable variance is. For the LQR method,
taking the values of variance computed before, we � nd that these
values can be multiplied by 40,000. This means that the model can
correct position errors of 40,000 km and velocity errors of 40 ms¡1

in velocity, a rather large magnitude. For the method of targeting
the equilibrium, the values can be multiplied by 32,000, 32,000,
24,000, and 900 for k D to 1, 2, 3, and 4, respectively. The lower
value of 900 corresponds to the period T D 0:4 for k D 4. Indeed
for this particular value, we have seen that the cost increases very
rapidly because the matrix Árv is becoming singular.

Comparison Between Results of Simulations and Analytical Conclusions
To compare the results of the simulations and the results of the

analytical conclusions,we took the scaling values of the Earth–sun
system. Figures 7 and 8 give the accelerationsnecessary to control
the spacecraft in the Earth–sun system in kilometers per second per
year, Fig. 7 for the LQR method with Q D 5S and Fig. (8) for the
methodof targeting the equilibriumwith k D 3. Figures7 and 8 have
been generated with N D 400 maneuvers for the nonlinear model.
As can be seen, the comparisons give good results, indicating that
the nonlinear model will be close to the analytical computations
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a) Average distance from the origin: Q = 0.05¤ diag(1, 1, 0, 0)

b) Cost of maneuvers Q = 0.05¤ diag(1, 1, 0, 0)

c) Average distance from the origin: Q = 5¤ diag(1, 1, 0, 0)

d) Cost of maneuvers Q = 5¤ diag(1, 1, 0, 0)

e) Average distance from the origin: Q = 500¤ diag(1, 1, 0, 0)

f) Cost of maneuvers Q = 500¤ diag(1, 1, 0, 0)

Fig. 6 LQR method: optimal cost.

made using the linear model. The nonlinear model seems to deviate
more from the analytical solution for the LQR method, mainly due
to the different scaling of the plots.

Application to the Restricted Three-Body Problem
Now let us write the nondimensional equations of the restricted

three-body problem in two dimensions:

Rx ¡ 2 Py D x ¡ .1 ¡ ¹/.x C ¹/

[.x C ¹/2 C y2]
3
2

¡ ¹.x ¡ 1 C ¹/

[.x ¡ 1 C ¹/2 C y2]
3
2

(67)

Ry C 2 Px D y ¡ .1 ¡ ¹/y

[.x C ¹/2 C y2]
3
2

¡ ¹y

[.x ¡ 1 C ¹/2 C y2]
3
2

(68)

There are � ve equilibrium points for this system. Two of them,
called L1 and L2, correspond to the two equilibrium points of the
Hill problem, and ¹ corresponds to the mass ratio of the smallest
body mass to the the sum of the two masses. For the Earth–sun
system, ¹ is small, and the problem can be approximated by the
Hill problem. However, for the Earth–moon system, ¹ D 0:0122,
and the Hill approximation gives quite different results from the
restricted three-body problem, as will be shown.
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Fig. 7 LQR method: cost of nonlinear model vs cost of linear model.

Fig. 8 Targeting the equilibrium: cost of nonlinear model vs cost of
linear model.

The linearization around the equilibrium points [x1;2 0], where
x1 D 0:99, x2 D 1:01 for the Earth–sun system and x1 D 0:837,
x2 D 1:156 for the Earth–moon system, gives

± Px D

2
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0 0 1 0

0 0 0 1

1 C 2a 0 0 2

0 1 ¡ a ¡2 0

3

775 ±x (69)

with ai D .1 ¡ ¹/=jxi C ¹j3 C ¹=jxi ¡ 1 C ¹j3.
Solving the charateristic polynomial of this new matrix for these

libration points gives two opposite real eigenvalues §¸1 and two
complex conjugate eigenvalues § j¸2 as in the Hill problem. To
compute 8.t; t0; x0/, the polynomialdecompositionof part one can
still be used with the ®i [Eqs. (19–25)].

Let us compare the characteristic exponent ¸1 given by the two
problemsfor theEarth–moonsystem.For x1 D 0:837,¸1 D 2:93, and
for x2 D 1:156, ¸1 D 2:15, whereas for the Hill problem, ¸1 D 2:51.
When the results from the earlier part are used, these values imply
that theoptimal controlperiodwill be smaller for x1 than theoptimal
period given by the Hill problem and greater for x2 . Tables 1 and 2
show a comparison of the results given by the restricted three-body
problemwith the resultsof the Hill problem.They show that the val-
uespredictedusingtheHill problemare close to the valuespredicted
by the restricted three-body problem for the Earth–sun system. For

Table 1 LQR method: orbit determination uncertainties
of ¾rd = 10 km, ¾vd = 1 ££ 10¡5 km/s

Problem S Cost, km/s/period Optimal spacing

Earth–sun
Hill 100 5:35 £ 10¡4 28.5 days

0.01 3:78 £ 10¡4 18.6 days
Three-body 100 5:30 £ 10¡4 28.5 days
x2 D 1:01 0.01 3:74 £ 10¡4 19.2 days
Three-body 100 5:39 £ 10¡4 27.9 days
x1 D 0:99 0.01 3:82 £ 10¡4 18.6 days

Earth–moon
Hill 100 3:60 £ 10¡3 45.42 h

0.01 2:75 £ 10¡3 33.03 h
Three-body 100 2:95 £ 10¡3 52.6 h
x2 D 1:156 0.01 2:17 £ 10¡3 38.2 h
Three-body 100 4:89 £ 10¡3 39.2 h
x1 D 0:837 0.01 3:53 £ 10¡3 27.9 h

Table 2 Targeting the equilibrium: orbit determination
uncertainties of ¾rd = 10 km, ¾vd = 1 ££ 10¡5 km/s

Problem Cost, km/s/period Optimal spacing

Earth–sun
Hill 4:70 £ 10¡4 22.9 days
Three-body, x2 D 1:01 4:65 £ 10¡4 23.1 days
Three-body, x1 D 0:99 4:75 £ 10¡4 22.7 days

Earth–moon
Hill 3:36 £ 10¡3 38.2 h
Three-body, x2 D 1:156 2:66 £ 10¡3 44.4 h
Three-body, x1 D 0:837 4:32 £ 10¡3 32.8 h

the Earth–moon system, the values predicted by the two models are
quite different; however the results of the Hill problem are close
to the average of the L1 and L2 results and, thus, can be used to
estimate results. The errors made in the two methods are propor-
tional, and the Hill problem gives an expected cost between 22 and
26% higher than the real cost for x2 D 1:156 and gives an expected
cost between 20 and 23% lower than the real cost for x1 D 0:837.
The optimal maneuver periods also change, as discussed earlier.
Figures 9 and 10 show a comparison of these costs for the two sys-
tems and the two methods, with x1 D 0:99 taken for the Earth–sun
system and x1 D 0:837 for the Earth–moon system. The results in
the Earth–moon system are contracted in time because of the error
made in the eigenvalues.

Application to Nonequilibrium Trajectories
The preceeding analyses have all been applied to the control of

a spacecraft relative to an unstable equilibrium point. Although
interesting and representative of the dynamics of a spacecraft in
an unstable orbital environment, most space missions to libration
points are � own in periodic or quasi-periodicorbits about the equi-
librium points. The application of our analysis can be extended to
this more dif� cult and realistic problem by using methods outlined
by Scheeres et al.8;10;15 In those papers, it was found that the analy-
sis of orbit determination and control of an unstable halo orbit can
be performed by approximating the state transition matrix between
two times along the time-varying trajectory by the state transition
matrix that satis� es the time-invariantequationsof motion speci� ed
at a time within this interval.

Speci� cally, the motionof a spacecraftrelative to its time-varying
nominal orbit can be represented using the equations of motion
linearized about the nominal trajectory

± Px D A.t/±x (70)

where A.t/ is the time-varying partials matrix evaluated along the
nominal trajectory. The solution to the time-varying system can be
approximated over � nite intervals of time as8

8.t ; t0/ D exp[A.t0/.t ¡ t0/] C ¢ ¢ ¢ (71)
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a) Earth–sun k = 1, 2

b) Earth–sun k = 3, 4

c) Earth–moon k = 1, 2

d) Earth–moon k = 3, 4

Fig. 9 Targeting the equilibrium: comparison of Hill problem and restricted three-body problem.

a) Earth–sun Q = 0.1¤S

b) Earth–sun Q = 0.1¤S

c) Earth–moon Q = 0.1¤S

d) Earth–moon Q = 0.1¤S

Fig. 10 LQR method: comparison of Hill problem and restricted three-body problem.
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where8 satis� esEq. (70)and theexponentialtermsatis� es the time-
invariant system found by keeping the time t0 constant in A.t0/. For
the analysis of control and orbit determinationphenomenon,which
occur over time spans less than one orbit period, this approximation
has been shown to be accurate.15 Under this restriction,it is possible
to carry out the same analyses as described in this paper. Thus, we
expectto � nd a similar, optimal spacingfor controlmaneuversalong
unstable halo or quasi-periodicorbits in general.

For these applications, the optimal maneuver spacing would be
computed from the local characteristic exponent of the linearized
� ow, de� ned as the unstableeigenvalueof the matrix A.t/. This im-
plies that the optimal spacing of control maneuvers may vary along
the orbit because the instantaneouscharacteristicexponents vary in
time. However, we also note that these instantaneouscharacteristic
exponentsdo not vary signi� cantly within a periodic orbit. Thus, in
analogywith the results for the equilibriumpoint, one could assume
that the optimal spacing of control maneuvers along a periodic or
quasi-periodictrajectorywill be relatedto the Lyapunovcharacteris-
tic exponentof the periodicor quasi-periodicorbit. A more detailed
analysis of this will be considered in the future.

Conclusions
This papercomparesdifferentcontrolstrategiesthat canbe imple-

mented to control a spacecraft about an unstable equilibrium point.
First, an optimal statisticalcost hasbeen foundfor simultaneousma-
neuvers targeting the equilibrium point. This � rst control approach
has been extended to the more general method of targeting the sta-
ble manifold.We have shown that targetingthe stablemanifolddoes
not improve the results. The LQR method and its tradeoff has been
investigated, leading to improvements of the statistical cost. All of
these results have been checked by nonlinear simulations. Finally,
the optimal costs of the two controls have been compared for the
Hill problemand the restrictedthree-bodyproblemin the Earth–sun
and moon–Earth systems. We have found that a maneuver spacing
close to the characteristic time of the unstableeigenvalue is optimal
in all cases.

Appendix: Procedure to Compute the Mean
and Variance of jj¢Vjj

The aim of this Appendix is to give a general method for the
computation of the mean and variance of j1V j. The mean is given
by

j1V j D
Z

1
j1V j f .x/ dx

where f is the probability density function of a Gaussian distribu-
tion. The variance is given by

¾ 2
1V D

Z

1
j1V j2 f .x/ dx

More explicitly, one can write

j1V j D
Z

1
j9xj

p
jK j

.2¼/N =2
exp

³
¡1

2
xT K x

´
dx (A1)

The main problem comes from the integration of the norm of 9x.
Let us write

u D

2
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u1

u2
:::

u N

3

775 D

2

66664

aT
1

aT
2
:::

aT
N

3

77775
x D Ax (A2)

where
"

aT
1

aT
2

#
D 9

and A is a N £ N matrix. Let us assume rank .9/ D 2 so that A
can be chosen to be nonsingular.With u as the new variable, intro-
duce H D A¡T K A¡1 , with dx D du=jAj D .jH j=jK j/1=2 du, where
j:j stands for the determinant of a matrix. It is possible to write the
new expression of the integral

j1V j D
Z

1

p
u2

1 C u2
2

p
jH j

.2¼/N=2
exp

³
¡1

2
uT Hu

´
du (A3)

Then if H is a diagonal matrix of the form H D diag.® ¯ 1 1/,
integrating over u3; : : : ; u N , the integral takes the new form

j1V j D 1

2¼

Z

1

p
u2

1 C u2
2 exp

³
¡®u2

1 C ¯u2
2

2

´p
®¯ du1 du2

(A4)
Let us now examine the hypothesis of H D diag.® ¯ 1 1/ more
closely, AT H A D K is equivalent to

®a1aT
1 C ¯a2a

T
2 C a3aT

3 C ¢ ¢ ¢ C aN aT
N D K (A5)

Therefore, taking the orthogonal x to .a2; : : : ; aN / gives
®a1aT

1 x D K x , ®.aT
1 x/a1 D K x . As a result, x D K ¡1a1 must be

orthogonalto a2 . This is only true for a particularmatrix K . Because
the integration must be performed for every K , a choice other than
a2 is needed in A. Let us introduce the new notation:

9 D
µ

a1

a2

¶
(A6)

° D
aT

1 K ¡1a2

aT
1 K ¡1a1

(A7)

The last equalityis possiblefor everya1 6D 0 becauseour information
matrix and its inverse are positive de� nite. Let

a2 D a2 ¡ ° a1 (A8)

Then aT
2 K ¡1a1 D 0. Finally, as we assumed rank.9/ D 2, a1 and a2

are independent.
Now let us prove that if ak , k · N , is orthogonal to

.K ¡1a1; : : : ; K ¡1ak ¡ 1/, then ak is independent of .a1; : : : ; ak ¡ 1/.
Let ¸1; : : : ; ¸k ¡ 1 not all equal to 0 such that

ak D
k ¡ 1X

j D 1

¸ j a j

Then for all i 2 [1; k ¡ 1]: ¸i aT
i K ¡1ai D 0. Because K ¡1 is positive

de� nite, it gives ¸i D 0, a contradiction.
Finally when a3 is taken in the orthogonal of .K ¡1a1; K ¡1a2/,

a3 is normalized such that aT
3 K ¡1a3 D 1; : : : ; aN in the orthog-

onal of .K ¡1a1; : : : ; K ¡1aN ¡ 1/, aN is normalized such that
aT

N K ¡1aN D 1; .a1; : : : ; aN / is a basis.As a result, A is nonsingular,
and

AK ¡1 AT D H ¡1 , H D A¡T K A¡1 (A9)

Here ® and ¯ are given by

®¡1 D aT
1 K ¡1a1 (A10)

¯¡1 D aT
2 K ¡1a2 D a2

T K ¡1a2 ¡

¡
aT

1 K ¡1a2

¢2

¡
aT

1 K ¡1a1

¢

(A11)

These de� nitions give j9x j D [.aT
1 x/2 C .aT

2 x C ° aT
1 x/2]1=2. Now

j8x0j D
p

.1 C ° 2/u2
1 C u2

2 C 2° u1u2 with u1 D aT
1 x , u2 D aT

2 x .
Thus, as a consequence,

j1V j D j8x0j exp
£
¡

¡
®u2

1 C ¯u2
2

¢¯
2
¤p

®¯ du1 du2 (A12)
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Taking for the new variables .v1; v2/ D .
p

®u1;
p

¯u2/ and then
changing to polar coordinates gives the following new expression
for the integral:

j1V j D
1

2¼

Z

1
Cµ ½2 exp[¡.½2=2/] d½ dµ (A13)

with

Cµ D
r

.1 C ° 2/ cos µ 2

®
C sin µ 2

¯
C 2° cosµ sin µ

p
®¯

(A14)

To compute the integral of Cµ , let us write

Cµ D
q

¸ C 0:5[.1 C ° 2/=® ¡ 1=¯] cos 2µ C
¡
°

¯p
®¯

¢
sin 2µ

(A15)
with

¸ D 0:5[.1 C ° 2/=® C 1=¯]

Then, when ¹ 6D 0 is assumed, j1V j is given by

j1V j D 1
p

2¼

Z ¼

0

p
¸ C ¹ cos.2µ/ dµ (A16)

with

¸ D
¡
aT

1 K ¡1a1 C a2
T K ¡1a2

¢¯
2 (A17)

¹ D
q¡

aT
1 K ¡1a1 ¡ a2

T G¡1a2

¢2¯
4 C

¡
aT

1 K ¡1a2

¢2
(A18)

More explicitly,

1V D
p

2=¼
p

¸ C ¹ ellipticE
£p

2¹=.¸ C ¹/
¤

(A19)

where ellipticE is de� ned as

ellipticE.k/ D
Z

¼=2

0

.1 ¡ k2 sin2 µ/
1
2 dµ (A20)

and is the complete elliptic integral of the second kind.
It is easy to check that the integration is still valid when ¹ D 0.

The other particular case is when rank.9/ D 1. In this case, it is
trivial to check that j1V j D

p
2=¼

p
¸. For this matrix 9, because

¸ D ¹ and ellipticE .1/ D 1, the preceding formula gives the same
result.

The variance of the statistical cost of these maneuvers is fairly
easy to compute once this method has been developedfor the mean,

¾ 2
1V D

Z

1
j1V j2 f .x0/ dx0 ¡ j1V j2

(A21)

¾ 2
1V D 1

2¼

Z

1
C2

µ ½3 exp

³
¡ ½2

2

´
d½ dµ ¡ j1V j2

(A22)

¾ 2
1V D 2¸ ¡ 2

¼
.¸ C ¹/ ellipticE 2

³r
2¹

¸ C ¹

´
(A23)
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